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A construction is given in which the nonzero elements of a planar difference 
set give rise to a totally symmetric quasi-group. Examples are provided which 
suggest that the quasi-group is essentially the additive group of the field. The 
evidence supports the conjecture that the converse of Singer’s theorem holds. 
The Multiplier Theorem is used to characterize when the totally symmetric 
quasi-groups are totally symmetric loops. The results extend to Abelian group 
difference sets (X = 1). 
1. INTRODUCTION 
Singer [8] showed that given a finite field of order n one can construct a 
planar difference set (hence cyclic projective plane) of order n + 1. It has 
been conjectured that a planar difference set of order n + 1 exist only when 
n is a prime power. This conjecture has been supported by the work of 
Hall [5], Evans and Mann [4], and according to Dembowski [3] by Keiser 
(unpublished). 
These results suggest that planar difference sets (hence cyclic projective 
planes) are intimately connected to finite fields. In this paper we investigate 
the converse of Singer’s theorem, i.e., given a planar difference set of order 
n + 1 can one construct the finite field of order n or possibly its additive 
group? If so then Singer’s conjecture would follow. Here we give strong 
evidence to support the conjecture that the converse of Singer’s theorem 
holds. Also we prove a weak converse to Singer’s theorem: The nonzero 
elements of a planar difference set give rise to a totally symmetric quasi-group. 
Examples are given to show that the quasi-group arising from the construc- 
tion is essentially the additive group of the field. Next, using the Multiplier 
Theorem we characterize when the totally symmetric quasi-group is a 
totally symmetric loop. A consequence of this result is the well-known fact 
that planar difference sets of order II + 1 do not exist for n = 0 (mod 6). 
Here, however, the proof is based on the existence of the underlying totally 
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symmetric loop. Consequently, strengthening total symmetry to associativity 
would prove the converse of Singer’s theorem for the case where n is even. 
Finally, the results are shown to extend to Abelian group difference sets 
(A = 1). 
2. PRELIMINARIES 
A set D = {d, = 0, dl ,..., d,> of residues modulo v is called a planar 
difference set modulo v if for every residue x + 0 (mod v) there exist a unique 
pair di, dj in D such that x = di - di (mod v). If 1 D 1 = k we assume 
1 < k < v - 1 to avoid the trivial difference sets. Also, we can assume zero 
is in D. 
Let G be a nonempty set and * a binary .operation on G, then (G, s) is a 
quasi-group if for any two of a, b, c in G the equation 
a*b=c (2.1) 
uniquely determines the third as an element of G. Hence, every row and 
column of (G, *) contains an occurrence of each element of G exactly once. 
A quasi-group with an identity element is called a loop. Hence, a loop satisfies 
all the axioms of a group with the possible exception of associativity. A quasi- 
group (G, *) is totally symmetric if for all a, b in G it satisfies: 
a*b=b*a, (2.2) 
a * (a * b) = b. (2.3) 
We let D* denote D - {0}, the nonzero elements of D. 
For more information on planar difference sets see Baumert [I], Ryser [7], 
or Storer [9]. Information on totally symmetric quasi-groups can be found 
in Bruck [2]. 
3. PLANAR DIFFERENCE SETS AND TOTALLY SYMMETRIC QUASI-GROUPS 
We define a binary operation i on D* and prove (D*, j-) is a totally 
symmetric quasi-group. 
Note the following consequence of the definition of planar difference set 
will be used: If di , di , dk , d, are in a planar difference set D and 
then 
or 
di - dj = dk - d, (mod v) 
di 3 dj and dk = d,,, (mod v) 
di = dk and dj = d, (mod v). 
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Next we show that the sum of two members of D* is not in D. 
LEMMA 3.1. Let D* be the nonzero elements of a planar difference set D 
modulo v. Then for every di , di in D* and d in D 
4 + dj $ d (mod v). 
ProoJ Suppose there exists a d in D such that 
di + dj = d (mod v). 
Then 
di-Ocd-di (mod v). 
So either di = 0 and d = dj or dj 3 0 and di = d, a contradiction, since 
di + 0 and di + 0. Q.E.D. 
Now we define (D*, +) as follows. Given di , dj in D* let 
di + dj = dk , (3.1) 
where di + dj z d, - dk (mod v) for unique d,,, , dk in D. 
Note by Lemma 3.1 di + dj + 0 (mod v) for di , dj in D*; SO r is well 
defined. We proceed to verify the properties required for <D*, i) to be a 
totally symmetric quasi-group. 
LEMMA 3.2. D* is closed under operation i. 
ProoJ: Let di , di be in D*, then by Lemma 3.1 di + di f: 0 (mod v), so 
there exist unique dk , d, in D such that 
di + di = d, - dk (mod v). 
If dk = 0 then di + dj = d, , contradicting Lemma 3.1. Hence dk f 0 and 
D* is closed under q. Q.E.D 
LEMMA 3.3. (D*, i) is commutative. 
Proof. Let di , di be in D*, then 
di + dj = dk 
for some d, , dk in D with 
But 
di + di E d,, - dK (mod v). 
SO 
di + dj = dj + di (mod 4 
dj f di SC d, - dk (mod v). 
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Hence 
and thus 
dj + di = dk 
di + dj = dk = dj i di . 
Q.E.D. 
LEMMA 3.4. (D*, i) is a quasi-group. 
Proof. Let d be in D*. It suffices (by commutativity of i) to show that as 
di ranges over D*, d t di ranges over D*. Let di + dj (mod u) be in D*, and 
suppose 
didi =d+d, =dk. 
Then there exist unique d, , d, , dk in D such that 
d $ di = d,, - dk (mod $, 
d+d,-d,-dk (mod 4, 
implying 
(3.2) 
(3.3) 
d + di - d, = d + d, - d, (mod 9, 
and by cancellation we have 
di - dm E dj - d, (mod v). 
Since di + dj we must have di = d, and di = d,, . Substituting di = d, into 
(3.2) yields 
d= -4 (mod 4, 
implying d = 0 (mod v), a contradiction. Hence for every d in D*, di + dj 
(mod v) implies d i- di $ d 4 dj , so (D*, i) is a quasi-group. Q.E.D. 
LEMMA 3.5 (D*, -/-) is totally symmetric. 
Proof. Let di, dj be in D*. We must show di i (di 4 dj) = dj . But 
di + dj E d, - dk (mod v) (3.4) 
for some d, , dk in D or 
dk e dm - di - dj (mod v); 
adding di to both sides yields 
di + dk s dm - dj (mod v), 
that is 
di + dk = dj . (3.5) 
Since (3.4) says di 4 dj = dk and substituting in (3.5) we have 
di i (di t dj) = dj . Q.E.D. 
Combining the lemmas we arrive at the main result. 
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THEOREM 3.1. Let D = {d, = 0, d1 ,..., d,} be a planar difference set 
modulo v. Then (D*, t) is a totally symmetric quasi-group. 
Note Theorem 3.1 can be viewed as a weak converse to Singer’s theorem. 
However, the examples provided indicate that the totally symmetric quasi- 
group constructed from D* is essentially the additive group of the field. 
Further research, perhaps into nonassociative algebras, may yield some 
information on the underlying structure. 
4. THE MULTIPLIER THEOREM AND TOTALLY SYMMETRIC LOOPS 
Using the Multiplier Theorem of Hall we characterize when (D*, j-) has 
an identity, i.e., when it is a loop. 
Let D = (do, d1 ,..., d,} be planar difference set modulo v and let s be any 
integer, then D + s = {d, + s, d1 + s,..., d, + s} (mod v) denotes a difference 
set called translate of D. 
THEOREM 4.1 (Multiplier Theorem for planar difference sets). Let D = 
64, , 4 ,..., d,) be planar difference set module v where / D I = n + 1. If p is a 
prime divisor of n, then 
PD = {pdo , pdl ,..., pd,) (mod ZI) 
is a translate of D; that is there is an integer s such that 
pD-D+s (mod v). 
Proof. See Hall [5]. 
(4.1) 
A useful consequence of the Multiplier Theorem occurs when zero is in D; 
then 
pD-D+s (mod u) 
where s = -d for some d in D. This follows since zero in D implies zero in 
pD, so there exist din D such that 
O=d+s (mod 4 
hence 
s--d (mod v). 
We now show that (D*, +) is a loop if and only if n is even, 
where j D* I = n. 
THEOREM 4.2. Let D = {d, = 0, ci, ,..., d,) be planar difference set modulo 
v with 1 D* i = n; then (D*, i) has an identity (hence is a totally symmetric 
loop) if and only if n is even. 
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Proof. If (D*, i) has an identity, then there exists a d in D* such that 
for all di in D* 
di i d = di . (4.2) 
Adding di under 4 to both sides of (4.2) yields 
di i (di i d) = di $ di e (4.3) 
Since + is totally symmetric (4.3) implies 
Hence (D*, $) has characteristic two. If n were odd, together with (D*, i) 
being a commutative loop, it would imply by counting that the diagonal 
elements of (D*, i) range over D *. This would contradict the fact that 
(D*, t> has characteristic two. Hence IZ must be even. 
Conversely, suppose yt is even; then 2 divides IZ and by the Multiplier 
Theorem there is a din D such that 
2D=D-d (mod u). (4.4) 
In fact d is in D*; for otherwise (4.4) implies 20 = D (mod u). Hence there 
are di , dj in D* with di + dj (mod a) such that di + di = dj (mod a). Thus 
di = di - di (mod v), implying either di 2 0 or di = dj (mod u), a contra- 
diction. 
Therefore by (4.4) we have for all di in D that there is a unique dj in D and 
din D* such that 
that is 
di + di = d, - d (mod u), (4.5) 
di + di = d. (4.6) 
Adding di to both sides of (4.6) and applying totally symmetry we have 
for all di in D*; hence (D*, i-> has an identity and is therefore a totally 
symmetric loop. Q.E.D. 
Since planar difference sets of order n + 1 with IZ even have totally sym- 
metric loops as an underlying structure, when do totally symmetric loops 
exist? The following result by Bruck answers the question. 
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THEOREM 4.3. Totally symmetric loops of order n exist if and only if 
n=2(mod6)orn=4(mod6) 
Proof. See Bruck [2]. 
Combining Theorem 4.2 and Theorem 4.3 we have the following known 
result (see [l, pp. 81-82; 51). 
THEOREM 4.4. There does not exist a planar dgference set D = (do, 
d 1 >*.*, d,} with / D* 1 = n andn = 0 (mod 6). 
Note that this proof is based on the underlying nonassociative algebraic 
structure that restricts the existence of planar difference sets. Also, improving 
total symmetry to associativity would solve the converse of Singer’s theorem 
for the case n even. Since the examples are in fact associative this provides 
some evidence for the truth of the converse. 
A similar situation occurs when rr is odd. Since there is no identity in this 
case we find that the “unbordered loop table” of the quasi-group appears to 
be the additive group of the field (see examples). 
5. EXTENSIONS AND REMARKS 
Let G = {g, ,..., gV} be a finite Abelian group of order U, where g, = 1 is 
the identity element. An Abelian group difference set (planar) is a subset D 
of G such that for every d # 1 there exist unique di , dj in D such that d = 
did;‘. This definition generalizes the cyclic planar difference sets considered 
here where G is the set of integers modulo a. 
Observe that the theorems proved in this paper use only the group proper- 
ties that follow from the Abelian group axioms. Also, the application of the 
Multiplier Theorem extends to Abelian group difference sets with h = I 
(see [6]). Hence we have 
THEOREM 5.1. Let D = (4 = I, d2 ,..., d,} be a planar difference set in the 
Abelian group G of order v. Let D* be the nonidentity elements of D; then 
(D*, -j-) is a totally symmetric quasi-group. 
Similarly, the other results extend to planar Abelian group difference 
sets. 
In a forthcoming paper we generalize the construction and show that not 
only a planar difference set D but each translate of D gives rise to a totally 
symmetric quasi-group. A surprising result is that three essentially distinct 
types of quasi-groups arise. Also the quasi-groups act as “lines,” and the 
permutations of D in the quasi-groups act as “points” in a model of a cyclic 
projective plane isomorphic to the original cyclic projective plane arising 
from the planar difference set. 
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6. EXAMPLES 
D = (0, 1, 3} (mod 7) 
D = lo, 1, 3, 91 (mod 13) 
1 3 9 
1 9 3 ZB 9 3 1 3 1 9 
D = {O, 1, 4, 14, 161 (mod 21) 
-F 1 4 14 16 
1 14 16 1 4 
4 16 14 4 1 
14 1 4 14 16 
16 4 1 16 14 
D = f0, 1, 3, 8, 12, 181 (mod 31) 
+ 1 3 8 12 18 
z2xz2 
3 
8 
18 
75 
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D = io, 1, 3, 13, 32, 36, 43, 52} (mod 57) 
1 3 13 32 36 43 52 
13 
32 
36 
43 
52 
D= (0, 1, 3, 7, 15, 31, 36, 54, 63} (mod 73) 
+ 1 3 7 15 31 36 54 63 
1 
3 
7 
15 
31 
36 
54 
63 63 7 3 31 15 54 36 1 
=7 
z2xz2xz2 
D = (0, 1, 3, 9, 27, 49, 56, 61, 77, 81) (mod 91) 
; 
1 
3 
9 
27 
49 
56 
61 
77 
81 
13 9 27 49 56 61 77 81 
z3xz3 
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